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1 Abstract

Dice chess is a variant of classic chess that uses a
six-sided die to introduce a stochastic element to
the game [3]. Hence, this paper investigates dif-
ferent techniques for building artificial intelligent
agents capable of playing dice chess.

As there are different fields that provide heuris-
tic techniques, the techniques that this paper
researched are the adversarial search techniques
Monte-Carlo Tree Search and ExpectiMiniMax
and the machine learning techniques Neural Net-
work and Q-Learning.

Experiments have indicated that the Expecti-
MiniMax agent is the best performing adversar-
ial search agent despite its increased time com-
plexity to perform a single heuristic, whereas the
Monte-Carlo Tree Search agent turned out to be
a worst performing agent due to the tree consist-
ing of Forsyth-Edwards Notations instead of move-
ments. Moreover, machine learning agents such
as neural network and g-learning turned out to be
non-optimal as the training data set was insuffi-
cient to yield high performance and their struc-
tures was not properly tuned for dice chess.

Hence, for games with a complex stochastic en-
vironment with a large state-action space and the
lack of data from expert level game play, it is sug-
gested to settle for adversarial search agents.

2 Introduction

This research paper explores different techniques
for building artificial intelligent agents to play a
game of dice chess. At every turn, dice chess
introduces a constant stochastic element that is
restricting the number of available moves. This
constant stochastic element is achieved by caus-
ing the available moves to remain unknown until
a six-sided die has been rolled by the active color
of the gamell].

There are a variety of heuristics that provide the
answer to the question "How to select a promising
movement from the restricted set of movements?’
each dice chess player has. One such field is the
field of adversarial search. A technique known as
Monte-Carlo Tree Search provides a simple tree
modelling of the question which is then used to
probe one or more solutions. The Monte-Carlo
Tree Search algorithm consists of 4 phases; selec-



tion, expansion, simulation and back propagation.
Using those 4 phases the algorithm is capable of
solving the question on how to select promising
movements from the restricted set. However, due
to the presence of the stochastic element the algo-
rithm loses some of its efficiency as the actual next
state of the game may vastly differ than what has
been explored. This is mostly the case whenever a
player has thrown the die on a number represent-
ing a chess piece the player either does not have
or can not move.

There exists a technique that is capable of tack-
ling those types of problems. This adversarial
search technique is known as the expected min-
max algorithm which is a variation of the min-max
algorithm. This technique takes chance elements
into account by including chance nodes and ex-
pected values into its tree search model.

As for exploring machine learning techniques to
build agents capable of playing dice chess, it is a
prerequisite to find out how learning could be done
and how it could be used. One of the first answers
that were found that seemed feasible was the con-
cept of a value network, as this technique demon-
strated a high level of success in Alpha Zero.[9].
This success was accomplished by letting the net-
work train on a database consisting of board states
and their associated outcomes. Due to its training
phase, the network was able to predict the prob-
ability of winning at any moment for any team
given any board state.

Inspired by other major success within deep (re-
inforcement) learning [7], we looked into using q-
learning with neural networks. We trained a neu-
ral network to serve as a g-function approxima-
tion. The input nodes corresponded to a board
state and output nodes to a g-value for taking a a
specific move, also known as action. The network
could be used to predict the best move based on
highest g-value. The previously mentioned value
network was used to play the strongest move of the
adversarial agent. As both the adversarial search
and machine learning techniques have their advan-
tages and disadvantages, it seemed interesting to
figure out which of two fields would provide the
better agent that is capable of playing a game of
dice chess.

Hence, this paper aims to answer the ques-
tion 'Which technique is more suited to be im-
plemented in an environment with a stochastic el-
ement that is capable of generating a large num-
ber actions and states?’” by answering the sub-
questions:

e How does a stochastic element influence an
adversarial search agent?

e How does a stochastic element influence a ma-
chine learning agent?

e How does a large number of states influence
an adversarial search agent?

e How does a large number of states influence
a machine learning agent?

e Does a machine learning agent outperform an
adversarial search agent?

To start answering the questions through imple-
mentation experiments, the definitions of the tech-
niques are required. Some techniques require some
form of evaluation for the game state. One such
function that is providing a chessboard evaluation
is the fitness function, a function that determines
the ’fitness’ of the chessboard. This function re-
quires a set of weights to perform its evaluation of
the chessboard, hence different weights may lead
to different evaluations. Therefore, the Genetic
Algorithm was introduced to tackle the issue of
weight optimization.

3 Methods

3.1 Monte-Carlo Tree Search

The very first explored adversarial search tech-
nique was the Monte-Carlo Tree Search. Since the
algorithm is defined by its four phases, each phase
requires a definition before implementation.

3.1.1 Selection

In the selection phase, a search for the most
promising leaf is always started from the root in
a depth-first search like fashion. Once a leaf has
been found, this leaf is then returned as the out-
put of the method. Selecting children is done ac-
cording to a selection policy. The default selection
policy is to select the child with the highest prob-
ability of winning. The winning probability is cal-
culated by dividing the number of wins the child
has recorded by the number of times the child is
explored.



3.1.2 Expansion

During this phase, if the leaf obtained from the se-
lection phase does not represent a concluded game,
the leaf will be exploited through giving it chil-
dren. Each assigned child represents a possible
next future state of the game. The exact expan-
sion of the leaf is dependent on the expansion pol-
icy. The default expansion policy is to expand an
arbitrary number of nodes randomly.

3.1.3 Simulation

Once the expansion of the leaf completed and leaf
does not represent a concluded game, one of its
children will be used to produce a simulation on
how the game could conclude. Both selecting a
child for simulation and how a simulation is run
are dependent on policies. The default policy of
selecting a child for simulation is to take one ran-
domly, whereas the default policy of simulating
the game outcome is to perform random move-
ments until a termination condition such as the
capture of a king has been reached.

3.1.4 Back Propagation

In the back propagation phase, the conclusion of
the simulation is used to update the information
contained in all nodes from the simulated child up
to the root node. Just like all other phases, which
and how information is updated is dependent on
policies. The default policies are to increment the
visit count of each explored node by one and the
win count by one if the simulation has ended in
a color winning and the color data of the node
matches the winning color of the simulation.

3.2 ExpectiMiniMax

The second explored adversarial search technique
is the ExpectiMiniMax algorithm, which is a vari-
ation of the min-max algorithm to manage uncer-
tainty factors. Both algorithms have similar struc-
tures, with the only major difference between the
two being the assumption on which the problem
modelling is based.

3.2.1 Chance Nodes

The ExpectiMiniMax algorithm is capable of tak-
ing uncertainty into account through the use of
chance nodes, besides the usual min and max
nodes. A chance node, is a node that provides
a probability whether a piece could be moved.
Moreover, a chance node also provides an expected
evaluation value of all its children through the for-
mula:

+oo
E(X) :M:Z%‘P(X = zj)

where, E(X) represents the expected value, x; the
evaluation value of j'"-child and P(X —x;) repre-
sent the probability of the state contained in the
child being manifested. As the movement proba-
bilities are distributed uniformly, all possible next
states from one state are linked to a single chance
node. Ultimately, allowing the root node to con-
veniently select the chance node with the highest
expected value.

3.3 Fitness Function

For the ExpectiMiniMax algorithm to function
properly, it requires some form of evaluation that
should be minimized and maximized. This is
where the Fitness Function comes into place. The
Fitness Function is more than suitable for the algo-
rithm as the function aims to provide a more com-
plete evaluation of the game state through evalu-
ating different aspects of the piece placement data.

3.3.1 Function

The function performs 37 different evaluations of
the piece placement data, followed by a linear com-
bination between a set of weights and the evalua-
tion results to obtain a final evaluation.[2]. Hence,
the Fitness Function has the following formula:

37
Val = Zwi x f(7)
i=1

where, Val represents the evaluation value, w; rep-
resents the i*"-weight and f(7) represents the value
of the i*"- evaluation feature.



3.3.2 Fitness

Using the formulate above, the fitness of an active
color could be determined. This is accomplished
by evaluating the piece placement data for both
the active color and its opponent color, followed
by subtracting them from each other, leading to
the equation;

Valfitness = Valactive - Valopponent

3.3.3 Weight Optimization

As different weights will lead to different final eval-
uations, two approaches have been used to opti-
mize the set of weights, namely the Genetic Algo-
rithm and the Hill Climbing technique with each
having their own pros and cons.

3.3.4 Evaluation Features

To provide a slight idea of what the Fitness Func-
tion exactly evaluates, some of its 37 features are
described below:

e Weak squares: This method find the list of
squares that a player cannot protect with its
pawns. This is relevant because a pawn is
the lowest value piece, so it makes the perfect
protector of a given square. In general, in
chess one want to protect a square with a less
valuable piece possible or at least with a lower
value piece that one opponent. Thus, finding
the unprotected squares by pawns fulfill the
goal.

e Pawns position: This method is related with
the first method explained, the power of
pawns fall to its low value per unit.

e Pieces value: These sets of methods find the
total number of pieces for a given type: num-
ber of pawns, knights, bishops, rooks, queens
and king.

e King safety: These sets of methods find the
potential dangers of the king and how pro-
tected the king is by other pieces of its same
team.

e Queen mobilization: This method find the
number of squares. The queen is the most
dynamic piece; it mobility it makes it a dan-
gerous piece because it can attack and protect
at the same time many squares and pieces.

e Bishop control: These sets of methods anal-
yse the control of the bishop over the boards.
Traditional chess theory value bishops and
knights with the same value but modern chess
theory value a pair of bishops stronger than
a pair of knights. This is due the long reach
domination of the pair of bishop.

e Rook control: These sets of methods analyse
the control of the rook on the board. A set
of rooks is immensely strong for very similar
conditions as the bishop but with the addi-
tion that a rook’s movement is not limited to
an unique color, unlike the bishop’s. Also,
a bishop and a king cannot checkmate but
a rook and a king can, so bishop and king
against king is a draw.

3.4 Genetic Algorithm

The genetic algorithm is a method for solving
both constrained and unconstrained optimization
problems that are based on natural selection,
the process that drives biological evolution.
The genetic algorithm repeatedly modifies a
population of individual solutions. At each step,
the genetic algorithm selects individuals from the
current population to be parents and uses them
to produce children for the next generation. Over
successive generations, the population ”evolves”
toward an optimal solution[4]. The genetic algo-
rithm uses three main types of rules at each step
to create the next generation from the current
population: Selection rules select the individuals,
called parents, that contribute to the population
of the next generation. The selection is generally
stochastic and can depend on the individuals’
scores. Crossover rules combine two parents to
form children for the next generation. Mutation
rules apply random changes to individual parents
to form children.

The main goal of the implementation of Ge-
netic Algorithm in the project, is to find the
optimal weights for the fitness function param-
eters, in order to best evaluate the state of the
game. In the below subsection, we will be talking
about how the algorithm was used to solve a
stochastic die chess problem and to get a final
solution which is represented as a chromosome
with the best values selected[5].



3.4.1 Chromosome

In the chromosome class, we represent the body
of the chromosome that will be used in the al-
gorithm. The chromosome body contains 37 pa-
rameter weights represented as indexes that will
get their values from the fitness function. Each
chromosome object has a crossover method which
switches the first half body of the current chro-
mosome with the other second half of the other
chromosome. The chromosome has also a mutate
method which checks the newly created chromo-
some body and checks if the randomly generated
number is below the mutation factor then it mul-
tiplies this value with this mutation factor.

3.4.2 Bot

The bot class object is one that is in charge of pick-
ing the chromosome-generated body values and
representing them as moves on the chess board. It
first generates all possible moves for this specific
chromosome and sees the possibilities of playing a
move, based on this simulation is stored the val-
ues of each move and stored in a list which will
be used at the end to define the best final move of
this particular chromosome.

3.4.3 Trainer

In the trainer class, we do the whole game simu-
lation where we first define the parameters of the
mutation factor, population and generation num-
bers. First of all, in the constructor, we first make
the generation which will later have to run the cy-
cle of the genetic algorithm. Each generation will
start first with the selection process where it first
creates the chromosomes if it’s the first iteration,
otherwise, it directly moves to the matching part
where two chromosomes play against each other
and return the winner which will be returning from
the match function which simulates the game be-
tween the two chromosomes. Then it moves to the
cross-over method where the algorithm chooses be-
tween the best ten bots and crosses their values
with each other to generate new ten bots. After
that, the algorithm goes to the final part of it,
where it mutates the values of the bot if it meets
the condition. When the algorithm reaches the
last generation, it made the last game selection
between the last 20 generated bots, and based on
that it gets the final best chromosome which will
be used to play against other bots such as random

bot.

3.4.4 Hill Climbing

As an alternative to the Genetic Algorithm,
Hill Climbing was also implemented to tune the
weights of the fitness function parameters. Hill
climbing is an optimization technique which as-
sumes there is only one local minima. This algo-
rithm begins with a random solution to a problem,
and checks every step if there is a better solution
by increasingly modifying the current solution, un-
til the current solution can not get any better;
meaning it reached the local minima.

3.5 Learning Techniques

In order to explore machine learning techniques,
two main approaches were investigated, namely
value networks and g-learning. The main goal of
the value network was to predict the win probabil-
ity for a specific team based on just a board state.
Therefore, this would give us information ’value’
which moves were the best, since moves obviously
result in a new board state.

Q-learning formed the basic principle for our re-
inforcement agent. The Q-learning algorithm is an
off-policy reinforcement learning algorithm that
learns the optimal action-value function through
updating the Q-values (estimations of the action-
value) based on the observed rewards [11].

Since these learning techniques are very depen-
dent on their actual chosen parameters, and there-
fore implementation, further details can be found
in the implementation section.

4 Implementation

4.1 Forsyth-Edwards Notation

The Forsyth-Edwards Notation (FEN) for classi-
cal chess has used to represent the games of dice
chess as the major difference between the prop-
erties of the two is only the presence of the die.
Missing the die roll information in a FEN-string
turned out to be not an issue as an assumption
was made that every FEN-string implies that die
has not yet been rolled.



4.2 Simulation

To perform investigation on the performance for
each agent, a simulator was implemented. A sim-
ulator is a tool that automatically switches active
colors after each turn has ended, registers each
movement an agent has chosen to play and yields
the conclusion of the game.

4.3 Learning Techniques
4.3.1 Database

A database of game outcomes was generated
through self-play of the genetic agent and random
agent. Most games were played using the genetic
agent, since it’s stronger capabilities would repre-
sent more realistic matches. Every game, the en-
countered board states were saved in a stack. Once
the game terminated, the full stack was popped
and board state was send to the database along-
side the outcome of the game. If a board was
already present in the database, only the outcome
was sent, which then was summed up on top off
the existing value.

The database contained the following informa-
tion:

e FEN: Board position

o White Wins: Number of times white won

e Black Wins: Number of times black won

e Draws: Number of draws

Data was fetched and received between Java and
MySQL using JBDC drivers. Training of the net-
work was done by fetching data without loading it
into RAM. The most important information about
the database is captured in the table below:

Attribute
Number of games 165221
Table rows 4629455
Table size (estimate) 703.0 MB
Percentage games GA 80%
Percentage games RANDOM 20%

Table 1: Information about database generated
through self play of agents

Attribute Value
Weight Initialization XAVIER
Gradient Updater ADAM
Learning Rate -

Input Nodes 384
Hidden Nodes 512

Output Nodes 1
Activation Functions (all layers) SIGMOID
Loss Function MSE

Table 2: Value Network Hyper-parameters

Attribute Value
Weight Initialization XAVIER
Gradient Updater ADAM
Learning Rate -

Input Nodes 384
Hidden Nodes 128
Output Nodes 80
Activation Function

(input, hidden) ReLU
Activation Function

(output, hidden) IDENTITY
Loss Function MSE

Table 3: Q-Network Hyper-parameters

4.3.2 Neural Networks

Board states that were represented as FEN strings
were transformed using a one-hot encoding prin-
ciple to be used as input to the neural network.
This encoding generated an array containing Os
and 1s of size 384. As a value network, the neu-
ral network was used in the selection procedure
of Monte Carlo Tree Search (MCTS). In the re-
inforcement learning agent, it was used to predict
the maximum g-value of the adversarial agent.

In order to have easy access to more advanced
architectural features for our network the Deep4j
library was used. The library can be easily im-
ported using Gradle/Maven. Using deep4j a value
network with the attributes described in table 2.

The neural network to be used for our g-function

approximation had the following characteristics
described in table 3.

4.3.3 Q-learning Agent

Due to the size of the state space, the usage of
an Q-table was unfeasible. Therefore, we trained



a neural network to the predict the g-values for
each action-state pair for team white.

In dice chess, the reward had to be deter-
mined for either intermediate moves or terminat-
ing moves. The genetic algorithm was used to eval-
uate the difference in board strength between two
consecutive states to determine the intermediate
rewards.

The neural network took the encoded board
state as input and the output corresponded to the
g-values for each of the legal moves.

During training, moves of the agent were guided
by an epsilon-greedy policy to balance exploitation
and exploration, where each predicted g-value of
a state was obtained from the network. After cal-
culating the intermediate or final reward and de-
termining the max Q of the next state-action pair,
all actual Q values were gathered and added to an
array.

Running many games would theoretically learn
the g-value for every state-action pair and allow
the agent to pick the best 'long term’ move in any
state. Therefore, the neural network used in g-
learning served as a g-function approximation.

A high level overview of how the g-Learning loop
works is as following:

While game is ONGOING
For legal moves WHITE:
predict Q(S,A) for all
state-move with NN
if (intermediate) :
reward :=
eval NEXTSTATE -
eval CURRENTSTATE
else if (WHITE won) :
reward := + finalReward
else if (BLACK won):
reward := - finalReward
else if (DRAW):
reward := 0
For legal moves BLACK:
calculate Q(S’,A’)
using value network
Q(s,a) : =
Q(s,a) + 1r *
(reward + discount x*
(max Q(s’,a’) - Q(s,a))
actualQ[i] = updatedQ
fit(input, actualQ)
play WHITE move based epsilon-greedy
play BLACK move based value network

Parameter Value
Learning Rate 0.01
Discount Factor 0.99
Epsilon 0.01

Table 4: Q-Learning Hyperparameters

Since the g-function network was only trained
for white. The value network trained on our self-
play database served to inform which move has the
highest probability of winning for the adversarial
agent. Hence, the g-agent could be used as fol-
lowing by predicting the g-value of all moves pick
move with highest g-value. Therefore, it should
ideally make the best long-term move.

The table above provides parameters used in g-
learning process.

4.4 Monte Carlo Tree Search

The Monte-Carlo Tree Search has been imple-
mented through defining each of its phases as an
independent method. This in combination with
providing nodes the capability to contain addi-
tional information such as FEN of the game state,
was more than sufficient to implement the entirety
of the algorithm with merely two classes.

4.5 ExpectiMiniMax

Evaluation of the ExpectiMiniMax state:

For evaluating the current state of the game,
many functions are used. The opponent’s current
state is also evaluated. The end evaluation value
is the difference between the evaluation value
of the player and the evaluation value of the
opponent. If the king gets eaten, the player,
who’s king got eaten, will receive a large penalty.
This penalty is not —oco, because that will result
in a large information loss: no other value in
that branch will be checked because the expected
value of that branch is very low (near —oo). Thus
exploration will be neglected, if the penalty is set
to —oo.

For the ExpectiMiniMax algorithm we have
chosen to use a tree structure to store the nodes
used by the algorithm [10]. Because of the high
branching factor for Chess games, branching the
entire match would be impossible. Thus we have
decided to implement two approaches.



4.5.1 Breadth First Search

The first one is Breadth First Search, which it cuts
the tree at a specified depth, and evaluates the
match at the leaf nodes of the cut-tree. The eval-
uation values of the leaf nodes is back-propagated
to the child nodes of the root, from there, the root
chooses the child with the highest expected value
(best average outcome). Breadth First Search pro-
duces a more careful agent, since it considers every
possible scenario up to a specified depth. However,
this is also its weakness since it does not prioritize
board positions that are more likely to be chosen
by both players.

4.5.2 Beam Search

The second approach is Beam Search. Beam
Search is an optimization of Best-First Search;
it is a heuristic search algorithm that expands
the most desirable unexpanded node in a lim-
ited set of leaf nodes. The desirability of a
node (state) depends on the depth of the node
and the evaluation score of the state: h(n) =
(evaluation * evaluationWeight) + layer, where
evaluationWeight is a hyper parameter which
controls the importance of a leaf’s fitness. When it
is set to zero, this implementation of Beam Search
is equivalent to Breadth First Search. Beam
Search has the advantage that it can reach deeper
layers than Breadth First Search by considering
the best moves for either player, before the worst
ones. However, in principle, it may be slower than
Breadth First Search since it must compute an
evaluation for each node as opposed to only eval-
uating the leafs.

4.6 Genetic Algorithm

Dice Chess uses the Genetic Algorithm by ap-
plying the biological approach of the algorithm.
The algorithm first initializes the chromosomes
and then it defines its parameters according to a
lower and upper bound. The first generation fight
against each other and the best 10 bots will be
crossed over (by a single crossover point manner)
to generate 10 new chromosomes. After that, it
mutates the body of the chromosomes with a cer-
tain probability (mutation rate). The algorithm
repeats this process for every generation until it
terminates when it reaches the final generation.
After the last run of the last generation, the turn
is now to get the best chromosome by running

the selection, without crossing over or mutating
this time. As final work, when the algorithm runs
the best bot part, it writes the newly created
best chromosomes to a text file for later testing
purposes|6].

Parameters:

e Mutation rate: 0.007
e Generations: 200

e Population: 20

4.7 Hill Climbing

The Hill Climbing algorithm is used to optimize
the weight parameters of a bot. The initial solu-
tion is set as the midpoint between the lower and
upper weight bounds for each parameter. The al-
gorithm iteratively modifies the weight of one pa-
rameter at a time, while keeping the other weights
fixed. The bot with the current weight plays
against another bot with the new weight and the
best new weight is chosen based on the number of
wins. The weight of a parameter is modified by a
percentage increase or decrease, starting with 10%
and gradually decreasing to 1.25%. Initially, if the
new weight improves performance, it is kept and
the process is repeated until it stops improving.
If the new weight does not improve performance,
the weight is decreased until performance stops
improving.

5 Algorithm Analysis

5.1 ExpectiMiniMax

The result of the time-complexity analysis for the
ExpectiMiniMax algorithm is O(b™). This is be-
cause b is the biggest weight in the calculation
of the time-complexity of the ExpectiMiniMax al-
gorithm.

b is the branching factor, this is each possible move
from the current state.

m is the cut-off depth, this is not the actual tree
depth, (((depth—1)*4)+2)/2 is used as m, this for-
mula converts the tree depth into layers, excluding
the chance nodes and root node. The chance node
does not branch out and the root node is a layer
with a single node.



The time-complexity is explained as follows:
for each increase in m, the tree branches out with
the branching factor b, thus for each increase in
m, the time-complexity of the algorithm is multi-
plied by b. This is the biggest factor in the time-
complexity of the entire algorithm, thus big-O no-
tation of the ExpectiMiniMax algorithm is O(b™).
Although the time-complexity of the ExpectiMin-
iMax is O(b™), there are also many other oper-
ations that further increase the time-complexity,
for example the evaluation of the leaf-nodes has
a time-complexity of O(b % m), and the back-
propagation of the evaluation is O(b™~1!). These
are the operations, that have the highest contri-
bution in the time-complexity of the ExpectiMin-
iMax algorithm.

5.1.1 Improvements

With the previous version of the ExpectiMiniMax
algorithm, 2 issues were encountered: The first is
the high time-complexity and the second is the
approximation to the target function

5.1.2 Time-Complexity

Regarding the high time-complexity, only 1 prac-
tical solution is available for ExpectiMiniMax al-
gorithms and that is the a-f pruning. But this
is not applicable to the current ExpectiMiniMax
algortihm, this is due to the lack of restrictive
boundaries set to the evaluation values [8]. Thus
we cannot determine an upper-bound for any sub-
tree to prune it. Therefore only small optimiza-
tions have been made to the code to improve the
time-complexity and space-complexity, but no sig-
nificant improvements in run-time have been ob-
served.

5.1.3 Evaluation

The performance of the ExpectiMiniMax algo-
rithm is determined by the evaluation function
it uses. Thus a good evaluation function is
important. The previous version of the Expecti-
MiniMax algorithm used a collection of methods
to evaluate the current state of the board, with a
certain constant attached to them, this constant
acted as a level of significance of each evaluation
method (weight of each method). Although the
new version uses the same collection of methods,
with a few new ones added, the weights attached
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to those methods are not constants anymore.
By constantly generating new winning chromo-
somes (weights), using the genetic algorithm,
the average of all generated chromosomes can
be used to determine the weights used by the
ExpectiMiniMax algorithm for the evaluation
methods. This will result in a more accurate
approximation of the target function, due to the
fact that a single chromosome generated by the
genetic algorithm still contains inaccurate weights
assigned to the evaluation methods. Thus by
taking the average of all generated chromosomes,
this error is reduced, and converges to 0 given a
sufficient amount of chromosomes (near co). This
improves the approximation of the target function
and consequently the performance of the Ex-
pectiMiniMax algorithm improves significantly.

See paragraph 5.3 for further information on
the Genetic Algorithm.

5.2 Monte-Carlo Tree Search

The MCTS algorithm repeatedly executes four
main steps: selection, expansion, simulation, and
back-propagation. The number of times the algo-
rithm is executed is limited by a time constraint,
which controls the number of iterations we denote
as n. The overall time complexity of the algo-
rithm can be represented as O(n * (selection +
expansion + simulation + backpropagation)).

In the selection phase, the Upper Confidence
Bound for Trees (UCT) selection policy is used.
The worst-case scenario occurs when the Monte
Carlo tree is large, resulting in a deep tree with a
high branching factor. In this case, the time com-
plexity is O(b* d), where b is the branching factor
and d is the depth of the tree. It is important
to note that the tree might not be fully generated
during this phase.

Expansion has a strong influence computational
demand and time rationality. To avoid excessive
memory usage but allow for sufficient exploration,
an expansion parameter with value 500M was
picked, which will never be fully searched; firstly
there are not sufficient legal moves, secondly, im-
plementations constrains for time rationality.

The time complexity of the simulation step de-
pends on the maximum number of layers iterated
through until a terminal state is reached. The pro-
cess of generating available moves for a given team
has a time complexity of O(fpr), where f is the



number of files, p is the maximum number of possi-
ble moves for a piece, and r is the number of ranks.
This process is repeated k times. Therefore, the
overall time complexity is O(nx (500M (k+1)xs)).

5.3 Genetic Algorithm

Starting with the complexity analysis of the
fitness function, the methods inside the class 'Fit-
nessFunction’ have a complexity of O(1) because
the values of the parameters are calculated by
iterating over pieces and board squares, which are
never greater than 64. Given that the selection
function makes all bots play against each other,
its time complexity is O(P? x M), derived from
O(((P?/2) — P) x M), where P is the population
size and M is the number of movements before
a player wins a match. The computation time
for each game, O(M), is multiplied by the total
number of combinations for all bots to play
against each other, O(P?), because all bots must
play against each other to determine the next
generation. In addition, since worst case scenario,
the bots must be created for the first generation,
then there is an additional complexity of O(P).
Hence, the time complexity of the selection
function is O(P) + O(P? x M), which resolves to
O(P? x M).

Furthermore, the crossover process has a
complexity of O(P), since it repeats the crossover
process until it generates P new bots, were P is
the population size.

Overall, the process of training the bots,
from their initialization to selecting the best bot,
has then a complexity of:

O(G)*(O(P*)4+O(P)+0(P))+0(P?) = O(G*P?)

This stems from the fact that, as previously
calculated, the process in each generation has a
complexity of O(P?) + O(P) + O(P); therefore,
this complexity is multiplied by the number of
generation G. In addition, once the bots of the
last generation have been generated, the time to
compute the best bot (with the best chromosome)
amongst them is O(P?), since it must execute the
selection function one last time.

Based on the prior analysis, it is concluded
that the time complexity for the Genetic Algo-
rithm to find the best chromosome is O(G * P?).
Since G was chosen to be 200 and P to be 20, then
the algorithm performs around 80,000 operations.
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5.4 Q-Learning

In this section, we will analyze the algorithm com-
plexity of the Q-learning training phase iterating
over the following steps. It is recommended to
look at the pseudo-code for this algorithm in the
implementation section.

1. Number of games, size N

2. White legal move, size W

3. For each counter move of black, therefore for

every legal move of white, total B per W

Update Q-value inside for moves white, con-
tant time

Fit Q-values in neural network after all move
loops, implementation dependant

The overall algorithm complexity can be repre-
sented as O(N x B x W?) as the number of games,
size N, is multiplied by the number of counter
moves of black, B, for every legal move of white,
W. The Q-value update step is assumed to have
a constant time complexity. Fitting the updated
Q-values after in the neural network is dependant
on the implementation of the network.

6 Experiments

6.1 ExpectiMiniMax

To test the performance of the ExpectiMiniMax
bot, it is put up against the Random bot and the
Genetic algorithm. For each opponent 500 simula-
tions have been run, to thoroughly test the perfor-
mance of the ExpectiMiniMax bot. For these ex-
periments, the depth of the ExpectiMiniMax bot
had been limited to 2, this was done for perfor-
mance purposes.

6.1.1 Improvements

To test the performance increase of the Expecti-
MiniMax improvements, many experiments have
been conducted against the previous version of
the ExpectiMiniMax algorithm and against other
agents. To gather information on the learning
curve of this approach, different versions of the
improved ExpectiMiniMax algorithm have been



created, each with weights obtained of different
numbers of generated chromosomes, i.e.

1. One version uses the mean value of 50 different
chromosomes as weights, called Expecti-50.

2. Another uses the mean value of 150 different
chromosomes as weights, called Expecti-150.

3. And the strongest version uses the mean value
of 300 different chromosomes as weights, called
Expecti-300.

6.1.2 Beam Search or Breadth First

Search

The first experiment regarding Beam Search, was
to find the most optimal evaluation weight. For
this, bots with different evaluation weights played
against each other, to examine their performances.
Every bot played 40 times against every other bot.

Afterwards, an experiment regarding what
type of search is best for ExpectiMiniMax was
pursued. For this test, it was considered Beam
Search with its optimal evaluation weight and
Breadth First Search.

6.2 Genetic Algorithm

As the first experiment for the Genetic Algorithm,
we wanted to test different selection and crossover
methods. On one hand, the algorithm finds the
optimal weights by selecting randomly two differ-
ent chromosomes that are within the 10 chromo-
somes that performed best out of the 20 chromo-
somes, and making the crossover of the chromo-
somes with a rate of 0.5, to create 20 individuals.
On the other hand, the algorithm finds the optimal
weights by applying the same selection method as
the previous, but it also applies an elitist selection,
where 5 of the 20 individuals that are created for
the next generation are an exact copy of the 5
chromosomes that performed best out of the cur-
rent 20 chromosomes, and to create the other 15
individuals, the crossover of the chromosomes is
applied with a rate of 0.25 instead of 0.5.

Furthermore, to test how the performance of the
Genetic Algorithm improves over the generations,
the best chromosomes of different generations were
put to play against each other. Each best chro-
mosome bot of every generation played 30 games
against every other chromosome bots.

Finally, to test the performance of the Genetic
Algorithm bot, it competes against the Random
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bot. A total of 500 simulations have been run,
to thoroughly test the performance of the Genetic
Algorithm bot.

6.2.1 Genetic Algorithm or Hill Climbing

In addition, to test which of the two algorithms
- between Genetic Algorithm and Hill Climbing -
obtains more optimal weights, we made two chro-
mosomes with the optimal weights that were found
by each algorithm fight against each other 2000
times.

6.3 Monte Carlo Tree Search

Different agents were setup to play against each
other. A small amount of matches was chosen,
since this already quickly showcased which bot
gave significantly better performance. The agents
that were examined were the following:

e MCTS D: distance heuristic in expansion

e MCTS N: selection procedure optimized with
value network

e RAND: agent that performs random moves

It is worth noting that in traditional chess, the
white player is often considered to have a slight
advantage due to the ability to move first. How-
ever, in a game like dice chess, where the roll of
the dice plays a significant role in determining the
outcome, this advantage may be less pronounced.

6.4 Q Agent

In order to investigate the performance of the rein-
forcement agent, a different number of training it-
erations was used to see whether the performance
of the agent improved. Since weak performance
against an agent that made random move was
observed, it seemed of little value to experiment
against other agents.



7 Results

7.1 Optimization of the Parameters
7.1.1 Genetic Algorithm

Regarding the first experiment which compares
two different selection and crossover methods:

1.200 M Selection
1,100

1,000

800 -

Elitism

Number of wins

No Elitism

Selection method

Figure 1: a plot, with the number of wins by using
Elitism and without Elitism

1,040
1,020

1,000

Number of wins

Rate 0.5 Rate 0.25

Crossover method

Figure 2: a plot, with the number of wins by using
Crossover with rates 0.25 and 0.5

Next, the results for the number of games
won by the best bot of different generations, can
be shown in the following graph:

Games won by best generation chromosomes

Number of games won

0 25 5 75 100 125 150 175 200
Best generation chromosome

Figure 3: a plot, visualizing the experiment result
of the number of wins made by the best chromo-
some of different generations

Lastly, it was found that over 1000 games, Ge-
netic Algorithm wins 975 games meanwhile the
Random Bot wins 15. Meaning Genetic Algorithm
wins 98.5% of the time, leaving Random to win
1.5% of the times.

7.1.2 Genetic Algorithm or Hill Climbing

Lastly, after testing the performance of Genetic
Algorithm with respect to Hill Climbing, it re-
sulted that the Genetic Algorithm wins 1126 times
when Hill Climbing wins 874 out of 2000 games.

7.2 ExpectiMiniMax

ExpectiMiniMax Performance

Il ExpectiOld
Il Expecti-50
I Expecti-150
I Expecti-300

Exqpect vergons

1,500

1,000

Total games won

Figure 4: A bar graph showcasing the performance
of each ExpectiMiniMax version, the performance
is measured using the total sum of games won.
(see 5.0.1 for the definitions of the different Ex-
pectiMiniMax versions)

Player 1 Player 2 Result Time(ms)
MCTSD MCTSD 9-11 9966
MCTS D GA 1-19 3602
GA MCTS D 16-4 3961
MCTSD MCTSN 19-0 8075
MCTSN MCTSD 6-12 11357
MCTSD MCTSD 3-17 9966
MCTSD  RAND 19-1 5977
RAND MCTS D 6-14 5935

Table 5: Game outcomes of MCTS based agents
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Performance of Expecti against other agents

350 —&— Expecti-Old

—e— Expecti-150
—e— Expecti-300

Games won

200

Expecti50  Expecti-150  Expect-300 BeamSearch  Genetic

Agent

Figure 5: A line graph showcasing the perfor-
mance of each ExpectiMiniMax version against
other agents, the performance is measured using
the total sum of games won out of 500 simulations
against each agent. (see 5.0.1 for the definitions of
the different ExpectiMiniMax versions)

ExpectiMiniMax Performance

Agents Expecti-Old
250

244

Expecti-150
268
267

Expecti-300
272
276

Expecti-Old

Expecti-50

232
228
263

250
243
302

257
250
a3

Expecti-150

Expecti-300

Genetic

261
464
494

Beam Search 270
475

496

277
478
498

Neural Network

Casino DistanceWise

Figure 6: A table showcasing the performance of
each ExpectiMiniMax version, the performance is
measured using the total sum of games won out of
500 simulations, by the agent at the top of each
column, against each agent. (see 5.0.1 for the def-
initions of the different ExpectiMiniMax versions)
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Training Rounds qAgent Random
100 14 10
500 12 13
1000 15 10
2500 17 8
5000 18 7
10000 12 13

Table 6: Performance of qAgent vs Random Agent
playing 25 games tracking only wins

7.2.1 Beam Search

Regarding the most optimal weight for Beam
Search:.

Performance vs Weights for Beam Search

Number of wins

D004 00006 00008 C.0010

4 00014
Welght evaluation values

0omeE

Figure 7: A bar graph showcasing the performance
of different weight evaluations assigned to Beam
Search



8 Discussion

8.1 Monte-Carlo Tree Search

From the experiment we can see Monte Carlo Tree
Search is the least agent. Which implies that our
current implementation is some how unsuccessful.
Some ideas too improve it; recalling the delicate
balance of constrains, a possible idea is to not sim-
ulate full games but a certain number of move-
ments and then use some heuristic too evaluate
the position.

This will allow to an immensely increase in the
number of simulation MCTS can generates in the
same amount of time. So instead of looking for the
winning matches, the tree will find the best board
positions. Eventually, sufficient strong moves will
create a path to an inevitable victory.

From the results of our experiment, it appears
that our implementation of Monte Carlo tree
search did not perform as well as we had hoped.
One potential reason for this is that we may not
have found the right balance of constraints in our
implementation. One idea to improve the perfor-
mance of the MCTS algorithm would be to sim-
ulate a certain number of moves instead of full
games. By doing this, we could increase the num-
ber of simulations that can be run in a given
amount of time. Additionally, instead of solely fo-
cusing on finding winning matches, the algorithm
could focus on finding the best board positions.
By doing so, strong moves that lead to an in-
evitable victory would be more likely to be dis-
covered.

In addition to that other functions such as
UBC1, RAVE or MC-RAVE could be experiment
with.

8.2 ExpectiMiniMax

The conclusion that can be drawn from these ex-
periments is that the ExpectiMiniMax, although a
lot slower than the random bot (time complexity
of O(1)) and Genetic algorithm (time complexity
of O(G x P?)), dominates the Genetic Algorithm
and the random bot, this is because the ExpectiM-
iniMax bot with the depth of 2, takes into account
the state of the game after each player has played 2
moves, these are the expected moves, not the opti-
mal ones. Whereas the Genetic bot only takes into
account the state after the move has been played,
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and the random bot picks a random legal move,
no form of evaluation. There are 2 explanations
for the times the ExpectiMiniMax did lose:

1. the stochastic element of Dice Chess, this is
linked to the die values thrown by the player.

2. the information loss as a result of calculating
the expected value of a branch. This way, if a
winning move can be looked over, as a result of
taking the expected value of all the moves in the
same branch. A solution to this problem is to give
a winning move a high reward, but that impacts
the exploration aspect of the bot.

8.2.1 Beam Search or
Search

Breadth First

Given the results for what kind of search should
be used for ExpectiMiniMax, it can be inferred
that using Beam Search it performs better than
using Breadth First Search. As can be seen in
Figure 7, where it compares the performance
when having different evaluation weights, there
are other weights that perform better than the
weight of 0. As mentioned before, when setting
a weight of 0, this is equivalent to Breadth First
Search. Therefore, using Beam Search with a
weight between 0.0001 and 0.00125, makes better
moves than using Breadth First Search.

On the other hand, it can be derived also
from Figure 7 that the optimal weight evaluation
(which controls the importance of a leaf’s fitness)
for Beam Search is 0.0001, since it was the one
that obtained the most number of wins.

8.2.2 Improvements

The ExpectiMiniMax with the improved evalua-
tion function shows a significant performance in-
crease over the older version of the ExpectiMin-
iMax algorithm, from the observed data the es-
timated increase is 17 percent see figure 2. Al-
though the actual increase may vary due to the
stochastic element present in the game, a total of
10.000 experiments have been conducted with the
old and improved versions of the ExpectiMiniMax
algorithm to minimize this variance and get a cor-
rect insight on the performance of the ExpectiM-
iniMax algorithm against other agents.

The ExpectiMiniMax still shows the best per-
formance out of all the other approaches. As seen
in the result section (see figures 3 and 4), the Ex-
pectiMiniMax versions beat all the other agents



by a significantly large margin, except the Beam-
Search approach, which shows near similar perfor-
mance as the ExpectiMiniMax breadth first search
approach. Also The improved version of the Ex-
pectiMiniMax algorithm shows an even larger win
margin against other agents then the old Expecti-
MiniMax algorithm.

8.3 Genetic Algorithm

Based on the experiments analysing the Genetic
Algorithm’s performance, it can be derived
that the Genetic Algorithm has a much higher
performance at playing Dice Chess compared to
a Random bot.

Regarding the influence in the number of
generations to find the bot with the best chro-
mosome, it can be concluded that the higher
the number of generations, the better its per-
formance. However, it was found that after
the 200th generation, the performance plateaus,
which leads to think that the bots have already
reached the optimal values for their chromosomes.
Therefore, it is concluded that the recommended
number of generations to find the best chro-
mosome is around 200 generations, since it
optimizes the values of the chromosomes while
minimizing the computational time; which is why
this parameter was chosen to be 200 for the report.

Following with the study of what algorithm
should be used to tune the weights of the pa-
rameter functions, it is clear that the Genetic
Algorithm is the algorithm that should be used,
instead of using the Hill Climbing algorithm.
This is because, using the weights provided by the
Genetic Algorithm, it gives 28.83% better perfor-
mance than Hill Climbing, given the information
that Genetic Algorithm wins 1126 games out of
2000 and Hill Climbing just wins 874 games.

8.4 Learning Techniques

The machine learning techniques did not achieve
good performance. Used as a value network in-
side the MCTS implementation it was unable to
outperform a simple distance heuristic in node ex-
pansion. A weak performing value network likely
had a major impact on building an effective Q-
learning agent.

Networks with different architectures and
hyper-parameters were used with little improve-
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ment. The main weakness, very likely had to do
with the quality of the original dataset. Besides,
using a neural network not for a task like image
recognition, very likely provides to be way more
difficult since chess is very complex and the move-
ment of one piece, which might only cause little
change in activations of neurons, might have a
drastic influence on the win probabilty of a team.

9 Conclusion

Even though experiments depicted the Monte-
Carlo Tree Search agent to be the worst per-
forming agent and the ExpectiMiniMax agent to
the best performing, the questions "How does a
stochastic element influence an adversarial search
agent?” can not be properly concluded due to not
having an exact explanation on why the Monte-
Carlo Tree Search has performed the worst.

However, the question "How does a large
number of states infuence an adversarial search
agent?” can be concluded due to the having suf-
ficient information from the experiments, namely
an adversarial search agent is capable of digesting
a large number of states without any issues.

Due to lack of a good training data set, the ques-
tion "How does a large number of states influence
a machine learning agent?” remains unanswered,
whereas the question ”How does a stochastic ele-
ment influence a machine learning agent” can be
partially answered. Depending on how a neural
network or the g-learning procedure is designed
and developed, the influence of stochastic element
on the performance may as well be considered as
minimal.

This leaves the main research question ”Does a
machine learning agent outperform an adversarial
search agent?” as the only unexplored question. In
our case, it turned out both the machine learnig
agents have been outperformed by the adversarial
search agent counterpart, namely the ExpectiM-
iniMax agent.

Hence, for stochastic environments that lack
proper data, but have a large number of possible
actions and states, it is recommended to imple-
ment adversarial search agents over machine learn-
ing agents as the lack of proper training data is
one of the biggest bottlenecks to obtain a highly
performing machine learning agent.
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